We explicitly classify all pairs (M, G), where M is a connected complex manifold of dimension n ≥ 2 and G is a connected Lie group acting properly and effectively on M by holomorphic transformations and having dimension d G satisfying n 2 + 2 ≤ d G < n 2 + 2n. These results generalize some of our earlier work on Kobayashi-hyperbolic manifolds with high-dimensional automorphism group.
Introduction
Let M be a connected complex manifold and Aut(M) the group of holomorphic automorphisms of M. Equipped with the compact-open topology, Aut(M) is a Hausdorff topological group. A topological group G is said to act continuously on M by holomorphic transformations, if a continuous homomorphism Φ : G → Aut(M) is specified. The continuity of Φ is equivalent to the continuity of the action map
where gp := Φ(g)(p). We assume that the action is effective, i.e. that Φ is a monomorphism.
The action of G on M is called proper if the map
is proper, i.e. for every compact subset K ⊂ M × M its inverse image Ψ −1 (K) ⊂ G×M is compact as well. For example, the action is proper if G is compact. The properness of the action implies, in particular, that: (i) G and Φ(G) are isomorphic as topological groups (see e.g. [Bi] ), (ii) Φ(G) is closed in Aut(M), (iii) G is locally compact and hence is a Lie transformation group in the sense that G carries the structure of a Lie group and the action map is real-analytic (see [BM1] , [BM2] , [MZ] ). Thus, without loss of generality, we can assume that G is a Lie group acting properly and real-analytically on the manifold M, and that it is realized as a closed subgroup of Aut(M).
Proper actions possess many of the useful properties of compact group actions. In particular, if G acts properly, one can find a G-invariant distance on M that induces the topology of M (see [P] , [Al] ). Conversely, it was shown in [Ka] that every closed subgroup of Aut(M) that preserves a continuous distance on M acts properly on M. Thus, groups acting properly and effectively on M by holomorphic transformations are precisely closed subgroups of Aut(M) preserving a continuous distance on M. For example, if M is Kobayashi-hyperbolic, then Aut(M) is a Lie group acting properly on M (see [Ko1] ).
If G acts on M properly, then for every p ∈ M its isotropy subgroup I p := {g ∈ G : gp = p} is compact in G and the orbit O(p) := {gp : g ∈ G} is a closed submanifold in M (see e.g. [Bi] ). Let L p := {d p g : g ∈ I p } be the linear isotropy subgroup of p, where d p g denotes the differential of a map g at p. Clearly, L p is a subgroup of GL(C, T p (M)), where T p (M) is the tangent space to M at p. Let
be the isotropy representation at p. This representation is continuous, and therefore L p is compact, which implies that in some coordinates in T p (M) the group L p becomes a subgroup of the unitary group. In particular, if dim C M = n, we have dim L p ≤ n 2 . In fact, the action of L p on T p (M) contains all information about the action of I p near p, since by Bochner's linearization theorem (see [Bo] , [Ka] ), there exist an I p -invariant neighborhood V of p in M, an L p -invariant neighborhood U of the origin in T p (M) and a biholomorphic map F : V → U, with F (p) = 0, such that for every g ∈ I p the following holds in V:
In particular, α p is faithful and thus I p is isomorphic to L p .
Let d G := dim G. For every point p ∈ M we then have
It was shown in [Ka] that if d G = n 2 + 2n, then M is holomorphically equivalent to one of B n := {z ∈ C n : |z| < 1}, C n , CP n , and an equivalence map F can be chosen so that the group
Here Aut(B n ) ≃ P SU n,1 := SU n,1 /(center) is the group of all transformations
where U ∈ U n , a ∈ C n , and G (CP n ) ≃ P SU n+1 := SU n+1 /(center) is the group of all holomorphic automorphisms of CP n of the form
where ζ is a point in CP n given in homogeneous coordinates, and U ∈ SU n+1 (this group is a maximal compact subgroup of the complex Lie group Aut(CP n ) ≃ P SL n+1 (C) := SL n+1 (C)/(center)). In the above situation we say for brevity that F transforms G into one of Aut(B n ), G(C n ), G(CP n ), and, in general, if F :
We are interested in characterizing pairs (M, G) for d G < n 2 + 2n, where G ⊂ Aut(M) acts on M properly. In [IKra] , [I1] , [I2] , [I3] we considered the special case where M is a Kobayashi-hyperbolic manifold and G = Aut(M), and explicitly determined all manifolds with n 2 − 1 ≤ d Aut(M) < n 2 + 2n, n ≥ 2 (see [I4] for a comprehensive exposition of these results). The case d Aut(M) = n 2 −2 represents the first obstruction to the existence of an explicit classification, namely, there is no good classification for n = 2, d Aut(M) = 2 (see [I1] , [I4] ). Our goal is to generalize these results to arbitrary proper actions on not necessarily Kobayashi-hyperbolic manifolds by classifying all pairs (M, G) with n 2 − 1 ≤ d G < n 2 + 2n, n ≥ 2, where G is assumed to be connected. One motivation for such a generalization comes naturally from our considerations in the Kobayashi-hyperbolic case: indeed, a large number of manifolds that admit proper actions of high-dimensional groups arose in the course of proof and were ruled out solely on the basis of their non-hyperbolicity, whereas a general classification must of course include all such manifolds.
The classification problem for proper actions of high-dimensional groups can be viewed as a complex-geometric analogue of that for the isometry groups of Riemannian manifolds. Indeed, it was shown in [MS] that for a Riemannian manifold N the group of isometries Isom(N) acts properly on N. It is straightforward to show that dim Isom(N) ≤ m(m + 1)/2, where m := dim N, and one can prove that the maximal value m(m + 1)/2 occurs only for manifolds isometric to one of R m , S m , RP m , H m (the hyperbolic space). Riemannian manifolds with lower (but still sufficiently high) isometry group dimensions were extensively studied in the 1950's-70's, and a large number of classification results were obtained. The proofs relied to a great extent on the properness of the Isom(N)-action on N. We refer the reader to [Ko2] for details.
The classification problem described above naturally splits into two cases: that of G-homogeneous manifolds and that of non G-homogeneous ones (note that due to [Ka] G-homogeneity always takes place for d G > n 2 ). While the techniques that we developed for non-homogeneous Kobayashihyperbolic manifolds seem to work well for the non G-homogeneous case, classifying G-homogeneous manifolds is substantially more difficult than homogeneous Kobayashi-hyperbolic ones. Indeed, due to [N] every homogeneous Kobayashi-hyperbolic manifold is holomorphically equivalent to a Siegel domain of the second kind, and therefore such manifolds can be studied by using techniques available for Siegel domains (see e.g. [S] ). This is how homogeneous Kobayashi-hyperbolic manifolds with n 2 −1 ≤ d Aut(M) < n 2 +2n, n ≥ 2, were determined in [IKra] , [I1] , [I2] (see also [I4] ).
The above approach clearly does not work for general G-homogeneous manifolds. For such manifolds the following holds:
Our method of studying G-homogeneous manifolds with compact isotropy subgroups within the above dimension range is based on describing subgroups of the unitary group U n of respective dimensions. In the present paper we deal with manifolds equipped with proper actions for which n 2 +2 ≤ d G < n 2 +2n. All such manifolds are G-homogeneous, and our proofs use the description of connected closed subgroups H ⊂ U n with n 2 −2n+ 2 ≤ dim H < n 2 obtained in [IKra] (see also [I4] ).
The first step towards a general classification for proper actions was in fact made in [IKra] where we observed that if d G ≥ n 2 +3, then, as in the case d G = n 2 + 2n, the manifold must be holomorphically equivalent to one of B n , C n , CP n . However, in [IKra] we did not investigate the question what groups (if any) are possible for each of these three manifolds within the dimension range n 2 + 3 ≤ d G < n 2 + 2n. We resolve this question in Theorem 1.1 (see Section 1).
The main result of the paper is contained in Section 2, where we give a complete classification of all pairs (M, G) with d G = n 2 + 2 in Theorem 2.1. For the reasons explained above, the proof of Theorem 2.1 is substantially more difficult than that of its counterpart for Kobayashi-hyperbolic manifolds obtained in [IKra] .
Working with lower values of d G requires further analysis of subgroups of U n . For example, for the case d G = n 2 + 1 one needs a description of closed connected (n 2 − 2n + 1)-dimensional subgroups. A certain description of such subgroups was given in Lemma 2.1 of [IKru] , but at this stage it is unclear whether or not it is sufficient for obtaining a complete classification for d G = n 2 + 1.
In this section we prove the following theorem. 
(ii) n = 4 and M is holomorphically equivalent to C 4 by means of a map that transforms G into the group G 2 (C 4 ) which consists of all maps of the form (0.1) for n = 4 with U ∈ e iR Sp 2 ‡ (here d G = n 2 + 3 = 19). [IKra] (see also Lemma 1.4 in [I4] ) implies that the connected identity component L c p of L p either is SU n or, for n = 4, is conjugate in U 4 to e iR Sp 2 . In both cases, it follows that L p acts transitively on (real) directions in T p (M), that is, for any two non-zero vectors v 1 , v 2 ∈ T p (M) there exists h ∈ L p such that hv 1 = λv 2 for some λ ∈ R * (observe that the standard action of Sp 2 on C 4 is transitive on the sphere S 7 = ∂B 4 ). Now the result of [GK] gives that if M is non-compact, it is holomorphically equivalent to one of B n , C n , and an equivalence map can be chosen so that it maps p into the origin and transforms I p into a subgroup of U n ⊂ G(C n ); it then follows that one can find an equivalence map that transforms I c p either into SU n or, for n = 4, into e iR Sp 2 . Furthermore, the result of [BDK] gives that if M is compact, it is holomorphically equivalent to CP n .
Suppose first that
n , then the equivalence map transforms G into a closed subgroup of codimension 1 in Aut(B n ). However, the Lie algebra of Aut(B n ) is isomorphic to su n,1 , and it was shown in [EaI] that for n ≥ 2 this algebra does not have codimension 1 subalgebras. Thus, M cannot be equivalent to B n . Next, if M is equivalent to CP n , the group G is compact. Therefore, the equivalence map transforms G into a closed codimension 1 subgroup of a maximal compact subgroup in Aut(CP n ). It then follows that one can find an equivalence map that transforms G into a closed codimension 1 subgroup of G(CP n ). Since G(CP n ) is isomorphic to P SU n+1 , we obtain that SU n+1 has a closed codimension 1 subgroup, which contradicts Lemma 2.1 in [IKra] (see also Lemma 1.4 in [I4] ). Thus, M cannot be equivalent to CP n either.
Assume finally that M is equivalent to C n and let F be an equivalence map that transforms
We only give a proof for n = 2 (hence d G = 7); the general case is completely analogous, albeit more complicated notationally, and we leave details to the reader.
Denote by (z, w) coordinates in C 2 and let g be the Lie algebra of holomorphic vector fields on C 2 arising from the action of
transitively, the algebra g is generated by su 2 (realized as the algebra of vector fields corresponding to the standard action of SU 2 on C 2 ), and some vector fields
Here the functions f j , g j , j = 1, 2, 3, 4, are holomorphic on C 2 and satisfy the conditions
, it is sufficient to show that Y j can be chosen as follows:
( 1.1) We fix the following generators in su 2 :
A straightforward calculation gives
It then follows that
which implies
This identity yields
(1.3)
Representing the functions f 1 and g 1 as power series around the origin, plugging these representations into (1.3) and collecting terms of fixed orders, we obtain
Adding to Y 1 an element of su 2 if necessary, we can assume that Y 1 has no linear terms, that is,
and applying an analogous argument to Y 2 yields that Y 2 can be chosen to have the form 
Further, computing [Y j , X 2 ] for j = 1, 2, 3, 4 and collecting terms of orders 2 and greater, we get Y 4 ] and see that α 1 = δ 1 = 0. Thus, Y j chosen as above (that is, not having linear terms) are in fact given by (1.1), and we have obtained (i) of the theorem. Suppose next that n = 4 and L c p is conjugate in U 4 to e iR Sp 2 . In this case d G = n 2 + 3 = 19. If M is equivalent to CP 4 , the group G is compact. Therefore, one can find an equivalence map that transforms G into a closed 19-dimensional subgroup of G(CP 4 ). Since G(CP 4 ) is isomorphic to P SU 5 , we obtain that SU 5 has a closed 19-dimensional subgroup, which contradicts Lemma 2.1 in [IKra] (see also Lemma 1.4 in [I4] ). Thus, M cannot be equivalent to CP 4 . Assume now that n = 4, the manifold M is equivalent to one of B 4 , C 4 and let F be an equivalence map that transforms I c p into e iR Sp 2 ⊂ G(C 4 ). We will show that F transforms G into G 2 (C 4 ). Let g be the Lie algebra of holomorphic vector fields on one of B 4 , C 4 , respectively, arising from the action of
contains the one-parameter subgroup z → e it z, t ∈ R, the algebra g contains the vector field
Hilfssatz 4.8 of [Ka] then gives that every vector field in g is polynomial and has degree at most 2. Since F • G • F −1 acts transitively on one of B 4 , C 4 , the algebra g is generated by Z 0 ⊕ sp 2 (where Z 0 is the one-dimensional algebra spanned by Z 0 and sp 2 denotes the Lie algebra of Sp 2 realized as the algebra of vector fields corresponding to the standard action of Sp 2 on C 4 ), and some vector fields 
, have no linear terms (see the proof of Satz 4.9 in [Ka] ). Thus, we have
To prove that F maps M onto C 4 and
, it is sufficient to show that all the second-order terms identically vanish, that is,
(1.8)
Introduce the following vector fields from Z 0 ⊕ sp 2 :
(1.9)
It is straightforward to see that the commutators [V 1 , Z 2 ] and [V 1 , Z 3 ] vanish at the origin and have no linear terms. Hence these commutators are equal to 0, which implies that V 1 has the form 
, which can only hold if
Next, we compute 
for some κ, λ, µ, ν, ξ ∈ C. In addition, it is straightforward to see that [V 
(1.16) Now (1.12), (1.13), (1.16) yield
and therefore
It then follows from (1.15) that 17) hence the vector fields in the right-hand side of formulas (1.17) lie in g. Since W 2 − i ∂/∂z 2 , V 3 − ∂/∂z 3 , W 3 − i ∂/∂z 3 , V 4 − ∂/∂z 4 , W 4 − i ∂/∂z 4 have no linear terms and vanish at the origin, they vanish identically and we obtain
(1.18) Thus, (1.8) holds, and we have obtained (ii) of the theorem. The proof is complete.
The case
In this section we obtain our main result. (ii) n = 4 and M is holomorphically equivalent to C 4 by means of a map that transforms G into the group G 3 (C 4 ) which consists of all maps of the form (0.1) for n = 4 with U ∈ Sp 2 .
THEOREM 2.1 Let M be a connected complex manifold of dimension n ≥ 2 and G ⊂ Aut(M) a connected Lie group that acts properly on M and has dimension d
Suppose first that L c p is conjugate to U n−1 ×U 1 . By Bochner's linearization theorem (see [Bo] ) there exist an I p -invariant neighborhood V of p in M, an L p -invariant neighborhood U of the origin in T p (M) and a biholomorphic map F : V → U, with F (p) = 0, such that for every g ∈ I p the following holds in V:
where α p is the isotropy representation at p. Let g M be the Lie algebra of holomorphic vector fields on M arising from the action of G, and g V the Lie algebra of the restrictions of the elements of g M to V. Denote by g the Lie algebra of vector fields on U obtained by pushing forward the elements of g V by means of F . Observe that g M , g V , g are naturally isomorphic, and we denote by ϕ :
is the group of matrices of the form
where
p | U and since G acts transitively on M, the algebra g is generated by u n−1 ⊕ u 1 and some vector fields
Here u n−1 ⊕ u 1 is realized as the algebra of vector fields on U of the form
and a ∈ R.
Observe that g contains the vector field
Therefore, due to Hilfssatz 4.8 of [Ka] , every vector field in g is polynomial and has degree at most 2. Next,
we can assume that V j , W j , j = 1, . . . , n, have no linear terms. Furthermore, g contains the vector fields
Since for each j = 1, . . . , n the commutators [V j , Z k ] and [W j , Z k ], with k = j, vanish at the origin and do not contain linear terms, they vanish identically, which gives for all j, k. Now, for j = 1, . . . , n − 1 consider the commutator [V j , V n ]. Clearly, the linear part L j of this commutator must be an element of u n−1 ⊕u 1 . It is straightforward to see that .2)). Thus, we have shown that for j = 1, . . . , n − 1 the vector fields V j , W j do not depend on z n and the vector fields V n , W n do not depend on z j . Accordingly, we have g = g 1 ⊕ g 2 , where g 1 is the ideal generated by u n−1 and V j , W j , for j = 1, . . . , n − 1, and g 2 is the ideal generated by u 1 , and V n , W n .
Let G j be the connected normal (possibly non-closed) subgroup of G with Lie algebrag j := ϕ −1 (g j ) ⊂ g M for j = 1, 2. Clearly, for each j the subgroup (L j,p ) . Furthermore, for each j there exists a neighborhood W j of the identity in G j such that
for some neighborhood U ′ ⊂ U of the origin in T p (M). It then follows that the idealg j consists exactly of those vector fields from g M that are tangent to O j (p) for j = 1, 2. Next, since L j,p acts transitively on real directions in T p (O j (p)) for j = 1, 2, by [GK] , [BDK] we obtain that O 1 (p) is holomorphically equivalent to one of B n−1 , C n−1 , CP n−1 and O 2 (p) is holomorphically equivalent to one of B 1 , C 1 , CP 1 . We will now show that each G j is closed in G. We assume that j = 1; for j = 2 the proof is identical. Let U be a neighborhood of 0 in g M where the exponential map into G is a diffeomorphism, and let V := exp(U). To prove that G 1 is closed in G it is sufficient to show that for some neighborhood
Assuming the opposite we obtain a sequence {g j } of elements of G 1 converging to e in G such that for every j we have g j = exp(a j ) with a j ∈ U \g 1 . Observe now that there exists a neighborhood V ′ of p in M foliated by complex submanifolds holomorphically equivalent to B n−1 in such a way that the leaf passing through p lies in O 1 (p). Specifically, we take
, and the leaves of the foliation are then given as F −1 (U ′ ∩ {z n = const}). For every s ∈ V ′ we denote by N s the leaf of the foliation passing through s. Observe that for every s ∈ V ′ vector fields fromg 1 are tangent to N s at every point. Let p j := g j p. If j is sufficiently large, we have p j ∈ V ′ . We will now show that
Suppose that p j ∈ N p . Then p j = sp for some s ∈ exp(g 1 ∩U ′′ ) and hence t := g −1 j s is an element of I 1,p . For large j we have g −1 j ∈ exp(U ′′ ). Condition (a) now implies that t ∈ exp(U ′ ) and hence by (c), (d) we have t −1 ∈ exp(g 1 ∩ U ′ ). Therefore, by (b) we obtain g j ∈ exp(g 1 ∩ U) which contradicts our choice of g j . Thus, for large j the leaves N p j are distinct from N p . Furthermore, they accumulate to N p ⊂ O 1 (p). At the same time, since vector fields fromg 1 are tangent to every N p j , we have N p j ⊂ O 1 (p) for all j, and thus the orbit O 1 (p) accumulates to itself. Below we will show that this is in fact impossible thus obtaining a contradiction. Clearly, we only need to consider the case when O 1 (p) is equivalent to one of B n−1 , C n−1 . Consider the action of I c 1,p on O 1 (p). By the result of [GK] , the orbit O 1 (p) is holomorphically equivalent to one of B n−1 , C n−1 by means of a map that maps p into the origin and transforms
Since the vector fields ing 1 arising from the action of I c 1,p on M are tangent to the leaf N s 0 ⊂ O 1 (p) at s 0 and since V ′ is partitioned into non-intersecting leaves, the orbit
, which is impossible since in this case V 2 (s 0 ) is not diffeomorphic to a spherical shell. This contradiction shows that G 1 is closed in G.
Thus, we have proved that G j is closed in G for j = 1, 2. Hence G j acts on M properly and O j (p) is a closed submanifold of M for each j. Recall that O 1 (p) is equivalent to one of B n−1 , C n−1 , CP n−1 and O 2 (p) is equivalent to one of B 1 , C 1 , CP 1 , and denote by F 1 , F 2 the respective equivalence maps. Let K j ⊂ G j be the ineffectivity kernel of the G j -action on O j (p) for j = 1, 2. Clearly, K j ⊂ I j,p and, since I c j,p acts on O j (p) effectively, K j is a discrete normal subgroup of G j for each j (in particular, K j lies in the center of G j for j = 1, 2). Since d G 1 = n 2 − 1 = (n − 1) 2 + 2(n − 1) and d G 2 = 3, the results of [Ka] yield that F 1 can be chosen to transform G 1 /K 1 into one of Aut(B n−1 ), G(C n−1 ), G(CP n−1 ), respectively, and F 2 can be chosen to transform G 2 /K 2 into one of Aut(B 1 ), G(C 1 ), G(CP 1 ), respectively. We will now show that the subgroup K j is in fact trivial for each j = 1, 2. We only consider the case j = 1 since for j = 2 the proof is identical. Clearly, K 1 \ {e} ⊂ I 1,p \ I c 1,p , and if K 1 is non-trivial, the compact group I 1,p is disconnected. Observe that any maximal compact subgroup of each of Aut(B n−1 ) ≃ P SU n−1,1 and G(C n−1 ) ≃ U n−1 ⋉ C n−1 is isomorphic to U n−1 and therefore, if G 1 /K 1 is isomorphic to either of these two groups, it follows that I 1,p = I c 1,p K 1 and that I 1,p is a maximal compact subgroup of G 1 . Since G 1 is connected, so is I 1,p , and therefore K 1 is trivial in either of these two cases. Suppose now that G 1 /K 1 is isomorphic to G(CP n−1 ) ≃ P SU n . Then the universal cover of G 1 is the group SU n , and let Π : SU n → G 1 be a covering map. Then Π −1 (I c 1,p ) c is a closed (n − 1) 2 -dimensional connected subgroup of SU n . It follows from Lemma 2.1 of [IKru] Thus, G 1 is isomorphic to one of Aut(B n−1 ), G(C n−1 ), G(CP n−1 ) and G 2 is isomorphic to one of Aut(B 1 ),
are pairwise non-isomorphic for every k ∈ N, it then follows that all G 1 -orbits are pairwise holomorphically equivalent and all G 2 -orbits are pairwise holomorphically equivalent.
Next, since g = g 1 ⊕ g 2 , the group G is a locally direct product of G 1 and G 2 . We claim that H := G 1 ∩ G 2 is trivial. Indeed, H is a discrete normal subgroup of each of G 1 , G 2 . However, every discrete normal subgroup of each of Aut(B k ), G(C k ), G(CP k ) for k ∈ N is trivial, since the center of each of these groups is trivial. Hence H is trivial and therefore G = G 1 × G 2 .
We will now show that for every p, q ∈ M the orbits O 1 (p) and O 2 (q) intersect at exactly one point. Let g ∈ G be an element such that gq = p. The element g can be uniquely represented in the form g = g 1 g 2 with g j ∈ G j for j = 1, 2, and therefore we have g 2 q = g
is a compact subgroup of G j containing I j,p for j = 1, 2. If for some j 0 the group G j 0 is isomorphic to one of Aut(B n−1 ), G(C n−1 ), Aut(B 1 ), G(C 1 ), then I j 0 ,p is connected and is the maximal compact subgroup of G j 0 . Therefore, Π j 0 (I p ) = I j 0 ,p . It then follows that in this case b j 0 ∈ I j 0 ,p , and hence p = q.
Suppose now that G 1 is isomorphic to G(CP n−1 ) and G 2 is isomorphic to G(CP 1 ). Consider the group Π 1 (I p ). Clearly, Π 1 (I p ) is a compact subgroup of G 1 , and Π 1 (I p ) c = I c 1,p . Let, as before, Π : SU n → G 1 be a covering map and let H := Π −1 (Π 1 (I p )). Clearly, H is a closed (n − 1) 2 -dimensional subgroup of SU n , and Lemma 2.1 of [IKru] implies that H c is conjugate in SU n to the subgroup of matrices of the form (2.3). Conjugating H if necessary, we assume that H c is given by such matrices. Every connected component of H has the form s α H c for some s α ∈ SU n . Clearly, for each pair of indices α, β there exists an index γ such that s α H c · s β H c = s γ H c , and therefore
Since the vector ν := (1, 0, . . . , 0) is an eigenvector of every element of H c , we obtain from (2.4) that for every g ∈ H c there exists λ(g) ∈ C * such that
For n ≥ 3 identity (2.5) implies that ν is an eigenvector of each s α which yields that s α is an element of H c for all α. Hence for n ≥ 3 the group H is in fact connected, and therefore Π 1 (I p ) is connected and thus coincides with I 1,p . Therefore, b 1 ∈ I 1,p , which gives that p = q.
Suppose now that n = 2. In this case identity (2.5) implies that for each α the vector ν is either an eigenvector of s α or the first component of s α ν is equal to 0. Hence H is either connected or has exactly two connected components: H c and s 0 H c , where
Hence Π 1 (I p ) is either connected or has the form I c 1,p ∪ t 1 I c 1,p , where t 1 ∈ G 1 is an element of order 2. Similarly, Π 2 (I p ) is either connected or has the form I c 2,p ∪ t 2 I c 2,p , where t 2 ∈ G 2 is an element of order 2. If Π j 0 (I p ) is connected for some j 0 , then b j 0 lies in I j 0 ,p , and hence p = q. Thus, we suppose that Π j (I p ) has two connected components for j = 1, 2. Then we have either Further, if in the above argument we replace identity (2.8) by the identity
(which is also a consequence of (2.7)) and consider W 3 instead of V 3 , we obtain that W 1 can be chosen to have the form
3 ) ∂/∂z 3 + (ε ′ z 1 z 4 + c ′ z 3 z 4 ) ∂/∂z 4 . (2.14)
for some a ′ , b ′ , c ′ , α ′ , β ′ , ε ′ ∈ C (cf. (1.11)). Plugging (2.12), (2.14) into either of identities (2.7) we obtain We then compute [V 1 , V 2 ] = a (z 4 ∂/∂z 1 − z 3 ∂/∂z 2 ) .
Therefore [V 1 , V 2 ] = 0 (mod sp 2 ), which can only hold if a = 0. Hence it follows from (2.14), (2.15), (2.16), (2.17), (2.19) that
Therefore identities (1.17) hold, and we obtain W 2 = i ∂/∂z 2 (mod sp 2 ), V 3 = ∂/∂z 3 (mod sp 2 ), W 3 = i ∂/∂z 3 (mod sp 2 ), V 4 = ∂/∂z 4 (mod sp 2 ), W 4 = i ∂/∂z 4 (mod sp 2 ).
Hence W 2 , V 3 , W 3 , V 4 , W 4 can be chosen as in formula (1.18), and we have obtained (ii) of the theorem. The proof is now complete.
